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In this paper, the bounded proper forcing axiomBPFA is investigated.BPFA is one of the forcing
axioms stronger thanMAℵ1, and was introduced by M. R. Goldstern and S. Shelah [J. Symbolic
Logic60(1995), no. 1, 58–73;MR1324501 (96g:03083)]. In [J. Math. Log.5 (2005), no. 1, 87–97;
MR2151584 (2006c:03076)], J. T. Moore proved thatBPFA decides the value of the continuum.
This was a key question of set theory, whether forcing axioms stronger thanMAℵ1 decide the value
of the continuum. In that paper, he introduced the mapping reflection principleMRP which is
deduced from the proper forcing axiomPFA, and showed it by introducing a statementυAC, which
implies that there is a well ordering of the reals of lengthω2 which is∆2-definable in the structure
(Hℵ2,∈) with parameter a subset ofω1. We have to note that althoughBPFA does not implyMRP,
using the idea ofMRP, he proved thatBPFA impliesυAC.

The following theorems are proved in this paper. (1) IfM is an inner model,BPFA holds in
bothM and the universe, andM calculatesω2 correctly, thenP(ω1)⊆M . (2) BPFA implies that
there is a∆1 well ordering ofP(ω1) with parameter a subset ofω1, whose length isω2. (1) is a
strengthening of the result of the second author proved in [Adv. Math.94 (1992), no. 2, 256–284;
MR1174395 (93k:03045)]. To show (1), ideas in [J. T. Moore, op. cit.] were used and a robust
coding of reals by triples of ordinals smaller thanω2. (2) is a strengthening of the result in [J. T.
Moore, op. cit.].

In this paper, there are also applications involving a minimal model ofBPFA and the theorem
that underPFA, the set of validities of the logic with the Ḧartig quantifier is not ordinal definable
in L(R).

Reviewed byTeruyuki Yorioka
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