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This paper is the first to establish the consistency of inequalities among cardinal characteristics
the continuum while in the presence of a simply definable well-ordering of the reals. Specifically
the authors prove that any of the following inequalities is consistent with a (lightfatejell-
ordering:0 < ¢, b <a=s, andb < g. Here,c is the size of the continuuns is the almost
disjointness numbef is the bounding numbeg, is the groupwise density number, ands the
splitting number [see A. Blass, iHandbook of set theor895-489, Springer, Dordrecht, 2010;
Zbl 1198.03058].

In each instance, the result is obtained by forcing dverith an appropriate countable support
iteration. The individual posets afeproper for a suitable stationary co-stationary sulSsettw,,
and S. Shelah’s results ditproperness are used in an essential way Preper and improper
forcing, second edition, Perspect. Math. Logic, Springer, Berlin, 18881623206 (98m:03002)

For example, the iteration has lengthand makes = w, while preservingu,. The setS is chosen

so that it is almost disjoint from a givem-sequenceS of almost disjoint stationary subsets of
wi. The Al-well-ordering is obtained by coding a well-ordering of the reals definably from the
sequence (by preserving or destroying the stationarity of some of these sets appropriately), an
also coding the resulting relation using reals by applying David’s trick [see S.-D. Friedhnan,
structure and class forcingle Gruyter Ser. Log. Appl., 3, de Gruyter, Berlin, 20MR1780138
(2001g:03001)

The iteration gives the authors enough leeway to implement additional combinatorial propertie
of the individual posets in order to obtain the inequalities between cardinal characteristics. F
example, by ensuring that the posets@arebounding, the resulting extension satistigs= 0 <
¢ = wq. For another example, considey = b < a = s = w-. Thatb = w; is obtained by ensuring
that the posets involved are weakly bounding (so the ground model reals form an unbound
family). Thats = w, is obtained by cofinally often along the iteration using a poset defined by
S. Shelah [iMxiomatic set theory (Boulder, Colo., 198383-207, Contemp. Math., 31, Amer.
Math. Soc., Providence, RI, 198¥R0763901 (86b:03064}hat adds a real not split by ground
model reals. Finally, that = ws is ensured by cofinally often along the iteration destroying the
maximality of a candidate mad family of sizs.

Reviewed byAndrés Eduardo Caicedo
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