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A weakly compact cardinal is indestructible iff it remains weakly compact aftearyclosed
forcing. This notion was first studied by A. W. Apter and J. D. Hamkins in [MLQ Math. Log. Q.
47(2001), no. 4, 563-57NIR1865776 (2003h:0307BWwhere they proved that if the indestruc-
tibility of x is forced by a poset with a closure point beleywthenx was originally supercompact.
(Recall thats is a closure point of? iff we can factorP = Q * R where|Q| < § andIF¢“R

is < J-strategically closed.”) They conjectured that indestructible weak compactness is indee
equiconsistent with supercompactness.

In the current paper, the author shows that the indestructible weak compactrésgbés that
“external” supercompactness measures on sef&i@l) can be added by forcing (see Theorem
2.7). This ensures that jf < « is regular and uncountable, then the forcing axib ™ (<
p-closed holds after forcing withCol (i, < k) (see Theorems 3.8 and 3.11).

These forcing axioms are shown to have significant consequences. For example, Corollary 3.
shows thaM A" (o-closed implies, among others, the Singular Cardinal Hypothesis (SCH), the
pre-saturation of the non-stationary idealwn and reflection of stationary subsetslaf (X ) to
sets of sizeXy, for any uncountable&X. In particular, SCH holds above an indestructible weakly
compacts. Moreover, Corollary 3.23 and Theorem 3.24 show that countably completely -
Jonsson, and that after forcing wi€tol(w1, < k), the Strong Chang Conjecture holds. Recall that
this principle (due to S. Shelah; see Theorem 2.5 in Chapter XPider and improper forcing
second edition, Perspect. Math. Logic, Springer, Berlin, 19881623206 (98m:0300D)states
that for any structur@ = (A, wy,...) of type (wy,w) there is a clul” C w; such that for any
a € C'there is an elementary substruct@be< 2l of type (w1, w) with B Nw; = a.

The notion of a countably completely -Jonsson cardinat is a weakening of Woodin’s notion
of completely dnsson cardinals [see P. B. Larsdime stationary towerUniv. Lecture Ser., 32,
Amer. Math. Soc., Providence, RI, 200MiR2069032 (2005e:0300[1)This variant states that
k is inaccessible and that wheneveE V. is stationary and consists of countable sets, then
there is a stationary set of € V,, such thatX N ((Ja) € a and X N« is uncountable. This
suffices to establish enough properties of the countable tQwgrto prove Theorem 4.15: K is
indestructibly weakly compact, then the Chang mddé€dRD*) elementary embeds in the Chang
model of the extension b{ol(w, < k). In particular, all sets of reals in the model are Lebesgue
measurable, have the Baire property, etc.

This substantial paper is very nicely written and suggests a promising line of research on th
topic.

Reviewed byAndrés Eduardo Caicedo


/mathscinet
/mathscinet/pdf/2723767.pdf?arg3=&co4=AND&co5=AND&co6=AND&co7=AND&dr=all&mx-pid=2720661&pg4=RVCN&pg5=AUCN&pg6=PC&pg7=ALLF&pg8=ET&review_format=html&s4=caicedo&s5=&s6=&s7=&s8=All&vfpref=html&yearRangeFirst=&yearRangeSecond=&yrop=eq&r=3
/mathscinet/search/publications.html?arg3=&co4=AND&co5=AND&co6=AND&co7=AND&dr=all&mx-pid=2720661&pg4=RVCN&pg5=AUCN&pg6=PC&pg7=ALLF&pg8=ET&review_format=html&s4=caicedo&s5=&s6=&s7=&s8=All&vfpref=html&yearRangeFirst=&yearRangeSecond=&yrop=eq&r=1
/mathscinet/pdf/2681346.pdf?arg3=&co4=AND&co5=AND&co6=AND&co7=AND&dr=all&mx-pid=2720661&pg4=RVCN&pg5=AUCN&pg6=PC&pg7=ALLF&pg8=ET&review_format=html&s4=caicedo&s5=&s6=&s7=&s8=All&vfpref=html&yearRangeFirst=&yearRangeSecond=&yrop=eq&r=5
/leavingmsn?url=http://dx.doi.org/10.1016/j.apal.2010.07.005
/mathscinet/search/mscdoc.html?code=03E55%2C%2803E35%2C03E40%2C03E65%29
/mathscinet/search/publications.html?pg1=IID&s1=775288
/mathscinet/search/publications.html?pg1=IID&s1=775288
/mathscinet/search/institution.html?code=1_CUNYS
/mathscinet/search/journaldoc.html?&cn=Ann_Pure_Appl_Logic
/mathscinet/search/publications.html?pg1=ISSI&s1=286046
/mathscinet/pdf/1865776.pdf
/mathscinet/pdf/1623206.pdf
/mathscinet/pdf/2069032.pdf
/mathscinet/search/publications.html?pg1=IID&s1=684109

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

References

. Arthur W. Apter, Joel David Hamkins, Universal indestructibility, Kobe Journal of Mathematics

16 (2) (1999) 119-13MR 1745027 (2001k:03112)

. Arthur W. Apter, Joel David Hamkins, Indestructible weakly compact cardinals and the ne

cessity of supercompactness for certain proof schemata, Mathematical Logic Quarterly 47 (
(2001) 563-571IMR 1865776 (2003h:03078)

. Arthur W. Apter, Removing Laver functions from supercompactness arguments, Mathematic

Logic Quarterly 51 (2) (2005) 154-1561R2121208 (2005k:03116)

Matthew Foreman, Menachem Magidor, Saharon Shelah, Martin’'s maximum, saturated idea
and non-regular ultrafilters. Part 1, Annals of Mathematics 127 (1) (1988) MR©@924672
(891:03043)

Matthew Foreman, Ideals and generic elementary embeddings, in: Matthew Foreman, Akihi
Kanamori, Menachem Magidor (Eds.), Handbook of Set Theory, vol. 2, Springer, 2009.

. Gunter Fuchs, Closed maximality principles: implications, separations and combinations, Jot

nal of Symbolic Logic 73 (1) (2008) 276—3081R2387944 (2009d:03118)

. Gunter Fuchs, Combined maximality principles up to large cardinals, Journal of Symboli

Logic 74 (3) (2009) 1015-10461R2548474

. Joel David Hamkins, Small forcing makes any cardinal superdestructible, Journal of Symbol

Logic 63 (1) (1998) 51-58VIR1607499 (99b:03068)

. Joel David Hamkins, A class of strong diamond principles. arXiv, 2002. eprint

arXivimath.LO/0211419MR1928383 (20039:20048)

Thomas Jech, Set Theory: The Third Millenium Edition, Revised and Expanded, in: Springe
Monographs in Mathematics, Springer, 200821940513 (20049:03071)

Thomas Jech, Stationary sets, in: Matthew Foreman, Akihiro Kanamori, Menachem Magidt
(Eds.), Handbook of Set Theory, vol. 1, Springer, 2009, pp. 93-128.

Thomas A. Johnstone, Strongly unfoldable cardinals made indestructible. Ph.D. thesis, T
Graduate Center of the City University of New York, 200/R2710891

Ronald B. Jensen, Ernest Schimmerling, Ralf Schindler, John R. Steel, Stacking mice, Jour
of Symbolic Logic 74 (1) (2009) 315-3381R2499432 (2010d:03087)

Akihiro Kanamori, The Higher Infinite, second edition, in: Springer Monographs in Mathe-
matics, Springer, 20084R1994835 (2004f:03092)

Kenneth Kunen, Set Theory. An Introduction To Independence Proofs, North Holland, 198(
MR0597342 (82f:03001)

Paul Larson, The Stationary Tower: Notes on a Course by W. Hugh Woodin, in: Univer
sity Lecture Notes, vol. 32, American Mathematical Society, Providence, 2082069032
(2005e:03001)

Richard Laver, Making the supercompactnessiofiestructible unde«-directed closed forc-

ing, Israel Journal of Mathematics 29 (4) (1978) 385-38R0472529 (57 #12226)

Adrian R. D. Mathias, Happy families, Annals of Mathematical 12 (1) (1977) 59-111.
MR0491197 (58 #10462)

Saharon Shelah, Proper and Improper Forcing, in: Perspectives in Mathematical Logi
Springer, 1998MR1623206 (98m:03002)


/mathscinet/pdf/1745027.pdf?pg1=MR&amp;s1=2001k:03112&amp;loc=fromreflist
/mathscinet/pdf/1865776.pdf?pg1=MR&amp;s1=2003h:03078&amp;loc=fromreflist
/mathscinet/pdf/2121208.pdf?pg1=MR&amp;s1=2005k:03116&amp;loc=fromreflist
/mathscinet/pdf/924672.pdf?pg1=MR&amp;s1=89f:03043&amp;loc=fromreflist
/mathscinet/pdf/924672.pdf?pg1=MR&amp;s1=89f:03043&amp;loc=fromreflist
/mathscinet/pdf/2387944.pdf?pg1=MR&amp;s1=2009d:03118&amp;loc=fromreflist
/mathscinet/pdf/2548474.pdf?pg1=MR&amp;s1=2548474&amp;loc=fromreflist
/mathscinet/pdf/1607499.pdf?pg1=MR&amp;s1=99b:03068&amp;loc=fromreflist
/mathscinet/pdf/1928383.pdf?pg1=MR&amp;s1=2003g:20048&amp;loc=fromreflist
/mathscinet/pdf/1940513.pdf?pg1=MR&amp;s1=2004g:03071&amp;loc=fromreflist
/mathscinet/pdf/2710891.pdf?pg1=MR&amp;s1=2710891&amp;loc=fromreflist
/mathscinet/pdf/2499432.pdf?pg1=MR&amp;s1=2010d:03087&amp;loc=fromreflist
/mathscinet/pdf/1994835.pdf?pg1=MR&amp;s1=2004f:03092&amp;loc=fromreflist
/mathscinet/pdf/597342.pdf?pg1=MR&amp;s1=82f:03001&amp;loc=fromreflist
/mathscinet/pdf/2069032.pdf?pg1=MR&amp;s1=2005e:03001&amp;loc=fromreflist
/mathscinet/pdf/2069032.pdf?pg1=MR&amp;s1=2005e:03001&amp;loc=fromreflist
/mathscinet/pdf/472529.pdf?pg1=MR&amp;s1=57:12226&amp;loc=fromreflist
/mathscinet/pdf/491197.pdf?pg1=MR&amp;s1=58:10462&amp;loc=fromreflist
/mathscinet/pdf/1623206.pdf?pg1=MR&amp;s1=98m:03002&amp;loc=fromreflist

20. Robert M. Solovay, A model of set-theory in which every set of reals is Lebesgue measurabl
Annals of Mathematics. Second Series 92 (1) (1970) 1MBB0265151 (42 #64)
21. Boban Velkkovic, Forcing axioms and stationary sets, Advances in Mathematics 94 (2) (1992
256—284MR1174395 (93k:03045)
Note: This list reflects references listed in the original paper as accurately as possible with no
attempt to correct errors.

(© Copyright American Mathematical Society 2011, 2012


/mathscinet/pdf/265151.pdf?pg1=MR&amp;s1=42:64&amp;loc=fromreflist
/mathscinet/pdf/1174395.pdf?pg1=MR&amp;s1=93k:03045&amp;loc=fromreflist

