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If 1≤ n < ω, κ is a cardinal, and β, αi (i < κ) are ordinals, then β→top (αi)
n
i<κ denotes

the statement that if c: [β]n→ κ is a coloring, then for some i there is a homeomorphism
f of αi onto some i-homogeneous subset of β. β→cl (αi)

n
i<κ holds if f can be required

to be an order isomorphism, as well. P top(αi)i<κ, P cl(αi)i<κ (respectively, topological
pigeonhole number and closed pigeonhole number) denote the minimal ordinals β
with positive relation for n = 1, and Rtop(αi)i<κ, Rcl(αi)i<κ (respectively, topological
Ramsey number and closed Ramsey number) are defined similarly for n= 2.

The authors give bounds for these in several cases. An algorithm is given for calculating
P cl(αi)i<κ complementing similar work for P top by J. Hilton in [J. Symb. Log. 81 (2016),
no. 2, 662–686; MR3519451].

The main theorem, a topological version of a theorem by P. Erdős and E. C. Milner [see
Canad. Math. Bull. 15 (1972), 501–505; MR0332492; corrigendum, Canad. Math. Bull.
17 (1974), 305; MR0360284], is the following. If α, β are positive, countable ordinals,
1< k < ω, and ωω

α →top (ωβ , k) holds, then one has ωω
α·β →top (ωβ , k+ 1)2. This gives

ωω
αk →cl (ωω

α

, k+ 1)2 (α < ω1, k < ω) and so Rcl(α, k) < ω1 for α < ω1, k < ω. Also,
an inductive upper bound is given for Rtop and Rcl using smaller values and P top, P cl

(similarly to a classical inductive formula for the Ramsey numbers R(n,m)).
A large number of individual values are calculated or estimated. It is shown, for

example, that Rtop(ω + 1, k + 1) = Rcl(ω + 1, k + 1) = ωk + 1 (1 ≤ k < ω). Further,
ωω →cl (ω2, k)2 and ωωk + 1→cl (ω2 + 1, k+ 2)2 (1 < k < ω). Also, ω2 · 3 ≤ Rtop(ω ·
2, 3)≤ ω3 · 100.

The proofs use a plethora of earlier results and proof techniques for the discrete case
plus careful analyses of the arithmetic of ordinals represented in the Cantor normal
form. Nevertheless, a full characterization of β →cl (α, k)2 for β, α < ω1, k < ω seems
far away.
{For the collection containing this paper see MR3656304}
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References

1. J. E. Baumgartner, Partition relations for countable topological spaces, J. Com-
bin. Theory Ser. A 43 (1986), no. 2, 178–195, DOI 10.1016/0097-3165(86)90059-2.
MR867644 MR0867644
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